The affine planes admitting a collineation group with a transitive action on the line at infinity are investigated and an essentially complete classification is achieved when the group is almost simple. A rather deep result is also obtained when the action on the line at infinity is faithful and primitive.
Introduction
The projective planes of order n that admit a collineation group G fixing a line l and acting on it with some transitivity properties have been investigated over the past decades. When G is 2-transitive on l and n is odd, Cofman [7] proved that Π is Desarguesian and G contains SL (2, n) , under the assumption that n ≡ 1 mod 8. Actually, this assumption is unnecessary as shown in [3] .
In 1981, Korchmáros [31] investigated the case where G is 2-transitive on the line at infinity of an affine plane of order n = 2 r , r 1, and showed that, apart from the Desarguesian case, either n = 2 2s and Sz(2 s ) P G, or n = 2 3s and PSU 3 (2 s ) P G. Further improvements were obtained by Biliotti and Korchmáros [4] in 1985, when Π has order 2 3s and PSU 3 (2 s ) P G. The general case n even has been recently investigated by Biliotti and Francot [3] . However, the classification of the planes of even order
is not yet completed.
The problem has been widely investigated when Π is a translation plane. At the beginning of the seventies Hering announced the classification of flag-transitive translation planes (except for those admitting a 1-dimensional affine group) at the conference held in Pullman (see [18] and [19] ). Actually, a complete proof appears in the classification of the flag-transitive linear spaces made by Buekenhout et al. [2] (see also [26] ). Independently, the translation planes admitting a 2-transitive collineation group G on the line at infinity were determined by Schulz [43] and Czerwinski [9] under the assumption that G does not contain Baer collineations. This assumption was dropped in 1995 by Kallaher [24] , using the classification of finite 2-transitive groups.
When Π is not a translation plane and G is transitive on the line at infinity, the problem is in general open. Some results were obtained by Czerwinski [10] . A remarkable contribution was given by Ho and Gonçalves [21] who completely classify the group G, with a not necessarily transitive action on l, under the assumption that G is totally irregular and G contains an involutory perspectivity.
In this paper we provide a further contribution to the problem stated above by determining an essentially complete classification of the collineation group G when G is almost simple and acts transitively on l. The faithful and primitive action of a group G on l is essentially derived as a special case.
The most difficult case to be handled is when all involutions in G are Baer collineations. The main idea is to relate the primitive permutation representations of Soc(G) with the length of the conjugacy class of any involution in Soc(G) and to use strong information on these conjugacy classes as listed in Table 4 .5.1 of [15] . This allows us to use the results on primitive permutation representations provided in [30, 32] , and in [33] , when G is classical or exceptional of Lie type, respectively. When Soc(G) is the alternating group we also use the restrictions on the order of Soc(G) given by Ho and Gonçalves [22] .
More precisely, the following results are obtained.
Theorem 1. Let G be an almost simple collineation group of an affine plane A of order n. If the action of G on the line at infinity l ∞ is transitive, then G is 2-transitive on l ∞ , and one of the following occurs:
(1) n = 2 s , A ∼ = AG 2 (2 s ) and PSL 2 (2 s ) P G; (2) n = 2 2s and Sz (2 s ) P G; (3) n = 2 3s and PSU 3 (2 s ) P G.
Case (2) occurs in the Lüneburg plane of order 2 2s , while case (3) is still open.
From the previous result, and by using the O'Nan-Scott Theorem, we derive the case when G is faithful and primitive on l.
Theorem 2. If G is faithful and primitive on the line at infinity l ∞ of an affine plane A, then the involutions in G are perspectivities of A, and one of the following occurs: (1) soc(G) is an elementary abelian p-group of order n + 1 (note that in this case G might have odd order), or (2) K P G aut(K ), and one of the following occurs:
(a) n = 2 s , A ∼ = AG 2 (2 s ) and K ∼ = PSL 2 (2 s ); (b) n = 2 2s and K ∼ = Sz(2 s ); (c) n = 2 3s and K ∼ = PSU 3 (2 s ).
Preliminary reductions
Throughout the paper, we actually work in Π , the projective extension of the affine plane A by the line at infinity l ∞ , which will simply be denoted by l. However, the theorems that we obtain in Π are naturally extended to A, implying the above conclusions.
We shall use standard notation. For finite classical groups and exceptional groups of Lie type, the reader is referred to Kleidman and Liebeck [30] , and to Gorenstein, Lyons and Solomon [15] , respectively. The necessary background on finite projective planes may be found in [23] . In addition, if G is a collineation group of a projective plane Π , and P and r are a point and a line of Π , respectively, we denote by G(P ) (by G(r) ) the subgroup of G consisting of perspectivities with the center P (the axis r). Furthermore, a collineation group G of Π is said to be totally irregular on Π , if Proof. Suppose that G contains involutory homologies. Let σ be an involutory (W , b)-homology that lies in the center of a Sylow 2-subgroup S of G (see, e.g., [25] ). Then W ∈ l and b = l, since G acts
is odd, i.e., n is even, and this is a contradiction. Thus, G contains involutory elations. Let γ be an
Since Q has even order, by [17] , one of the following occurs:
is the maximal normal subgroup of K of odd order, and Q is a Frobenius complement;
As G is faithful and transitive on l, it follows that K 
by [34] . Thus, we obtain the assertions (1a), (1b) and (1c), respectively.
Assume that K ∼ = SU 3 (2 s ). We may also assume that s is odd, since for s even the group SU 3 (2 s ) ∼ = PSU 3 (2 s ) has been investigated above. Let α be a generator of the center of K . Clearly, o(α) = 3 as s is odd. Moreover, α fixes the center of any elation in K . Thus α fixes l pointwise, since K is transitive on l and α is central in K . However, this contradicts the fact that G, and hence K , has faithful action on the line l. Note that the case (2) typically occurs in Desarguesian planes of even order (recall that the action of K on l is faithful).
In view of the previous lemma, from now on, we assume that all the involutions in G are Baer collineations of Π . Therefore, n is a square. We shall use this assumption implicitly without recalling it, unless it is explicitly required.
Lemma 4. The following occur:
(1) if u is an odd prime dividing n + 1, then u ≡ 1 mod 4;
Proof. Let u be an odd prime dividing n + 1. Since n is a square, ( √ n ) 2 ≡ −1 mod u, and hence u ≡ 1 mod 4. For the same reason, if
(see, e.g., [38, relation (9) on p. 69]). Now, set
Then by (1), we have |Fix
From now on, we assume that
nonabelian simple. So, in order to prove our results, we filter the groups G with respect to (3) in conjunction with other restrictions arising from geometry. [23, Theorems 4.25 and 4.14] . Therefore, |L| divides either n or n − 1, according to whether C ∈ l or C / ∈ l, respectively. In each case, |L| < n + 1. On the other hand, [G/N : 
Proof. Assume that
If L is totally irregular on Π , then k 21 by [22] . By filtering n + 1 for k 21 with respect to the restrictions provided above, in conjunction with those provided in [20] and in Lemma 4,  [1] . By filtering such permutation degrees with respect to the above restrictions, we may limit ourselves to the case n = 4 2 and A 17 P G acting in its natural 2-transitive permutation representation of degree 17. However, this case cannot occur, by [3] . Hence, L Q = 1 for some point Q ∈ Π − l. So, |L| n 2 , and
and therefore k!
. Easy computations show that k 9, and these numerical cases can be ruled out by the same argument as above.
Finally, the case when G is sporadic is ruled out by filtering the list of maximal subgroups of G given in [1] , with respect to the restrictions provided in [20] [27] . Since n must be a square, the unique admissible case is n = 9 and
These cases are ruled out, since the group L does not contain involutory perspectivities of Π by our assumption.
Note that Theorem A of [20] forces these groups to have involutory perspectivities when acting on a projective plane of order n = m 2 , where m ≡ 2, 3 mod 4. Now, let L be an exceptional group of Lie type. Recall that [S : [33] . Thus, the group M is listed in Table 1 of [33] , as M is non-parabolic. This is a contradiction, since the condition [S : S ∩ M] = 2 does not hold in any of these cases. For the groups L ∼ = E ε
If we repeat the same proof of [33] , under the assumption |M| > q k(L)−1 , we obtain the analogous list of [33] for the non-parabolic case. Obviously, this new list contains that of [33] and some other cases. By a direct inspection of each case in the new list, we may verify that none of these groups satisfies the condition [S : S ∩ M] = 2, and so they are all ruled out. This completes the proof. Proof. Let φ be a p-element of B fixing Π 2 ∩ l pointwise. Then φ induces on Π 2 either the identity or a perspectivity of axis orĀ =Ā(C) accordingly, sinceĀ is a nonabelian simple group. At this point, assertion (1) follows by Lemma 8, or its dual, respectively, since p divides the order ofĀ. Suppose that a = Π 1 ∩ l and A moves C on Π 1 ∩ l. SinceĀ ∼ = PSL 2 (q) contains a unique conjugate class of involutions, these are perspectivities of Π 1 . Furthermore, any two commuting involutory perspectivities have either the same axis, which must be distinct from Π 1 ∩ l, or the same center, which lies on Π 1 ∩ l, or they are homologies in a triangular configuration (see, e.g., [25] ). If the latter occurs, one of these involutory homologies has axis Π 1 ∩ l. Consequently, by the above argument,Ā =Ā(Π 1 ∩ l) and we obtain a contradiction since γ lies inĀ, and is a (C, a)-perspectivity on Π 1 with a = Π 1 ∩ l. Thus, any two commuting involutory perspectivities have either the same axis, which is distinct from Π 1 ∩ l, or the same center, which lies on Π 1 ∩ l. Now, we may use [17] to show thatĀ ∼ = PSL 2 (5), i.e., q = 5, sincē A ∼ = PSL 2 (q), q is odd, and PSL 2 (5) ∼ = PSL 2 (4). In particular, there are either 1 or 2 doubly transitivē A-orbits on Π 1 ∩ l, each of length 5, depending to whether √ n is even or odd. Moreover, one these orbits contains the centers of the involutory perspectivity of Π 1 lying inĀ. Let θ be the number of suchĀ-orbits on Π 1 ∩ l. If 5 | n(n − 1), then 5 does not divide n + 1, and we again obtain assertion (1), as q = 5. Assume that 5 does not divide n(n − 1); then a collineation ρ of order 5 inĀ fixes at least one point on Π 1 ∩ l. Actually, the condition that 5 does not divide n(n − 1) implies that ρ fixes at least 3 points on Π 1 ∩l and at least 2 on Π 1 − (Π 1 ∩l). Therefore, ρ fixes a subplane of Π 1 . Let η be an involutory (X, y)-perspectivity of Π 1 normalizing ρ . Then, X ∈ Fix(ρ) ∩ l. This is a contradiction, since X lies in one of the two doubly transitive orbitsĀ-orbits on Π 1 ∩ l and these are disjoint from Fix(ρ) ∩ l. This completes the proof. 2
From now on, the cases when L is classical or exceptional of Lie type are investigated separately. 
, where f = 1 or 2 according to whether d = 4 or d = 4 (see also, e.g., [14] ). Therefore,
as n + 1 | 2|σ G |. By composing (4) with (5), we obtain
This yields d = 4, 5 or 6. In each of these cases, the group L P lies in a maximal parabolic subgroup by [27] , contradicting our assumptions. This completes the proof. 
, as q is odd and d 3. Therefore, [L : Proof. In order to prove that the assertion is true, we just need to investigate the case when d = 2 by Lemma 11.
Assume that n > q 2 . This yields
Assume that p = 2 or q ≡ 3 mod 4. Then, by Lemma 4,
, and
L P ] and n + 1. If either q ≡ 3 mod 4 or q is an odd power of 2, then 4 or 3 divides q + 1 and hence n + 1, respectively, but this contradicts Lemma 4. Hence, assume that q is an even power of 2. Therefore,
Therefore, Thus, if ρ is one of these involutions, then |ρ
This is impossible, since n must be a square, whereas q Note that the part of proof of Theorem 1.1 provided in Section 8 of [39] for the case q even, it is also shown that the involutions are perspectivities for n < q 2 . Hence the case (4) 
, where δ = 1 or 4, according to whether d = 4 or d = 4, respectively. In particular, SL 2 (q)
by [30, 
. This is impossible; otherwise M would contain a splitting extension of PSL 2 (q),
for q odd. So L P lies in a maximal parabolic subgroup of L in any case.
, as q is odd. Nevertheless, this is impossible, since the minimal primitive permutation representation degree of PSU d (q) is either 
As M is a maximal parabolic subgroup of L containing L P , P ∈ l, by Lemma 7,
by [8 
hyperplane. Consequently, τ fixes
blocks of imprimitivity on the L-orbit O.
Since a Sylow 2-subgroup of L lies in L P , it follows that τ fixes at least one point in any block of imprimitivity of L on O. Thus, τ fixes at least Finally, assume that d = 3 and k = 1. Since for any P ∈ l the group L P lies in a maximal parabolic subgroup of PSU 3 (q), by [16] , the group L P is isomorphic to S.Z θ , where S is a Sylow 2-subgroup of L, and θ | q 2 − 1. Again by [16] , C L (ϕ) = S.Z q+1 and there exists a unique conjugate class of involutions
So, the number of points that are fixed by any involution ϕ of L in the orbit P L is (q 2 − 1)/θ , by relation (1) given at the beginning of the paper. Let c be the number of L-orbits on l. Then n + 1 = c(q 
(q) on Fix(σ ) ∩ l is non-trivial; otherwise we may conclude that the stabilizer in L of a point of l lies in a maximal parabolic subgroup M, excluding this case (e.g., as below in this proof). Hence, the number of points of Fix(σ ) ∩ l is greater than or equal to the minimal primitive permutation representation degree of Ω ε
, (11) where θ = 1 or 3, depending on whether or not (d, ε) is equal to (8, +) . Easy computations show that (11) 
, (13) where x = 1 or 2.
Note that Ω
(q). By [30, Proposition 4.1.6], the group H contains an involution ψ that is conjugate to σ and such that
(q)). [2] , with ζ 1 ζ 2 = −.
That is,
and hence, (q
by (13) . Easy computations yield d = 10 and q = 3. Hence, L ∼ = P Ω ε 10 (3). Then 11 | n + 1 for ε = +, and 2
| n + 1, contradicting Lemma 4 in both cases. Finally, assume that M is a maximal parabolic subgroup of L. Assume also that d > 8. Then
. (16) Thus k = 1; otherwise, a primitive prime divisor of q d/2−2 + ε would not divide the second part of (16), as d > 8. Furthermore, it holds that ε = ε 2 and ε 1 = +. Hence, 
Arguing as above, we easily see that Y contains an involution ρ, such that K ρ
. From this we can still derive (14) , and then (15) 
, which produces a contradiction in this case as well. 
by [23, Result 1.14]. Thus q
But this is impossible, since d 8, and the proof is thus complete. 2
G is exceptional of Lie type
In this section we deal with the case where G is exceptional of Lie type. We study the cases where q is odd or even separately for most of the groups investigated. Furthermore, as mentioned at the beginning of the paper, throughout this section the involutions in G are assumed to be Baer collineations of Π .
Lemma 18. Let Π be a finite projective plane of order n and let G be a collineation group of Π fixing a line l.

If the socle of G is isomorphic either to
Proof. Assume that G acts transitively on a line l of a projective plane Π of order n. Assume also that the socle L is isomorphic either to 
It is easy to see that in cases (1b) 
by [15, (2) (information on the indices of maximal parabolic subgroups can be derived from the Dynkin diagram (see, e.g., [6, )).
, where ε = ±, by [15, (2) .
Assume
where ε = ±, by [15, Proof. Assume that L is an exceptional group of Lie type of even characteristic. Then, if P ∈ l, the group L P lies in a maximal parabolic subgroup M by Lemma 7. We can determine all the maximal parabolic subgroups of L from the Dynkin diagram (see, e.g., [6] ) and calculate their indices from the information provided by [6, 11, 36] At this point, Theorem 1 is an easy consequence of the results of Sections 2, 3 and 4.
The primitive case
This section is devoted to the study of the case when G acts primitively on l. The case when Π is a translation plane is also addressed. we obtain that the only admissible cases are (1) for p odd and d = 1, and (2a) and (2b) for m = 2.
In the case (1), the group G is a subgroup of AGL 1 (p). Therefore, all involutions in G are dilatations on l. So, each involution in G fixes exactly one point on l, contradicting the assumption that G It would also be interesting to investigate the case when G acts transitively on l, but its action is unfaithful. Note that, in this context many examples for G are provided by the translation complements of several translation planes (see, e.g., [24] and [35] ). Nevertheless, if we attempt to solve it, the above techniques seem to be ineffective, due to the existence of a non-trivial action kernel of G on l.
